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E-mail address: hgbeom@inha.ac.kr (H.G. Beom).The asymptotic problem of an electrode that is embedded between dissimilar electrostrictive materials
and subjected to electric loading is numerically analyzed by using the ﬁnite element method. Electro-
static analysis for the asymptotic problem is conducted under the small-scale saturation condition on
the basis of the mathematical equivalence between anti-plane shearing and electrostatics. The distribu-
tion of the electric displacement ﬁelds is obtained. It is shown that the shapes of the saturation zones are
affected by the ratios of the permittivities and the saturated electric displacements between the dissim-
ilar electrostrictive materials. Stress ﬁelds that are generated for matching incompatible strains, which
are induced by non-uniform electric displacement ﬁelds, are numerically calculated for various combina-
tions of the material properties. Also, stress intensity factors for arbitrary small cracks that are initiated
from the edge of an electrode are evaluated. Behaviors of cracking that may take place at the edge of an
electrode are discussed.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Electrostrictive materials embedded an internal electrode are
the structure commonly observed in ceramic multilayer actuators.
In this structure of an actuator, an unavoidable problem is that the
strong stress ﬁelds near the edge of an electrode are generated due
to the mismatch of electrostrictive strains that are induced by elec-
tric displacements. These intensiﬁed stress ﬁelds fracture electro-
strictive ceramics with great brittleness (Aburatani et al., 1994;
Winzer et al., 1989; Beom, 1999). This crack problem of electro-
strictive materials with an internal electrode has attracted consid-
erable attention of researchers who investigate the reliability and
durability of electrostrictive actuators. Yang and Suo (1994) ob-
tained the stress ﬁelds by analyzing the asymptotic problem of
an internal electrode in electrostrictive actuators through the lin-
ear dielectric model and complex function theory. They also exam-
ined the micro-cracking of a ceramic that may occur ahead of an
electrode edge. Hao et al. (1996) proposed the perfect saturation
model, and using it they theoretically investigated the electrostric-
tive material with an internal electrode under the small-scale sat-
uration condition. Beom and Atluri (2003) examined the effects of
electric ﬁelds on the cracking behavior of ferroelectric material on
the basis of the perfect saturation model and the domain switching
model. The electrical ﬁelds and the elastic ﬁelds near the edge of
the internal electrode in a ceramic multilayer actuator are numer-ll rights reserved.
: +82 32 868 1716.ically calculated by using the ﬁnite element method (Gong and
Suo, 1996; Hom and Shankar, 1996). Ru et al. (1998) derived the
formulation that can directly calculate the stress intensity factor
of the crack tip in electrostrictive materials without solving the
boundary value problem. Beom et al. (2006) investigated the inﬂu-
ence of the transverse electric displacement on fracture behavior of
the electrostrictive materials. The modiﬁed boundary-layer analy-
sis for an electrostrictive material with an electrode layer was also
carried out under the small-scale saturation condition (Beom et al.,
2008). Li and Chen (2007) analyzed the semi-permeable interface
crack between dissimilar piezoelectric materials. Also, Li and Chen
(2008) studied the semi-permeable interface crack in a dielectric/
piezoelectric bimaterial. In their works, it is shown that the combi-
nation of dissimilar materials dominates the singularity of the
near-tip ﬁelds. Until now, most studies of the crack problems of
electrostrictive materials have been concentrated on the case when
the material is homogeneous. However, the crack problem of dis-
similar electrostrictive materials with an electrode has not been
studied yet.
In this paper, the asymptotic problem of dissimilar electrostric-
tive materials with an internal electrode is numerically analyzed
using the ﬁnite element method under the small-scale saturation
condition. Electrostrictive materials electrically obey the electric
displacement saturation model are mechanically linear-elastic.
First, numerical results of electric displacement ﬁelds are obtained
through electrostatic analysis on the basis of the mathematical
equivalence between anti-plane deformation and electricity. It is
shown that the size and shape of saturation zones are dependent
3442 Y.H. Kim, H.G. Beom / International Journal of Solids and Structures 46 (2009) 3441–3450on the ratios of the permittivitties and the saturated electric dis-
placements. Next, the stress ﬁelds that are induced by the non-uni-
form electric displacement ﬁelds are numerically calculated.
Finally, the stress intensity factors of the tip of an arbitrarily small
crack that is initiated from the edge of an internal electrode are
systemically evaluated for various combinations of the material
properties of dissimilar electrostrictive materials. The effects of
electric, elastic, and electrostrictive properties on the behavior of
the cracking are also demonstrated.Saturation Zone
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Fig. 1. Asymptotic problem.2. Asymptotic problem
An electrostrictive material is mechanically linear-elastic and,
due to the electrostriction effect, experiences a deformation under
electric loading that is proportional to the square of the electric
displacement ﬁeld. Even if the electrostrictive material is not sub-
jected to mechanical loading, the self-equilibrated stress ﬁelds will
be generated by the incompatible electrostrictive strain that is in-
duced by non-uniform electric displacement ﬁelds if the electric
ﬁelds are applied. Similar to the case of elastic materials under
thermal loading, the Hook’s law of electrostrictive materials under
the plane strain condition yields
r11 ¼ Yð1þ mÞð1 2mÞ ½mc22 þ ð1 mÞc11
 YQð1þ mÞð1 2mÞ ðm qÞD
2
2 þ ð1 2qm mÞD21
h i
;
r22 ¼ Yð1þ mÞð1 2mÞ ½mc11 þ ð1 mÞc22
 YQð1þ mÞð1 2mÞ ðm qÞD
2
1 þ ð1 2qm mÞD22
h i
;
r12 ¼ Yð1þ mÞ c12 
YQð1þ qÞ
ð1þ mÞ D1D2;
r33 ¼ mðr11 þ r22Þ þ YQq D21 þ D22
 
:
ð1Þ
Here, rij is the stress tensor that is composed of a mechanical por-
tion and an electrostrictive portion. cij is the strain tensor. Di is the
electric displacement vector. Subscripts in a letter denote the com-
ponents of the Cartesian coordinates. Y and m are the Young’s mod-
ulus and the Poisson’s ratio, respectively. Q and q are the
electrostriction coefﬁcients of the two dissimilar materials.
Since the inﬂuence of stress ﬁelds on electric ﬁelds is very small
in typical electrostrictive materials, the electro-mechanical cou-
pling of electrostrictive materials can be ignored (Yang and Suo,
1994). Thus, we assume that the electric displacement ﬁelds are
the function of only the electric ﬁelds. We employ the electric dis-
placement saturation model in describing the electrical nonlinear-
ity or of electrostrictive materials. For the case of electrostrictive
materials, Hao et al. (1996) ﬁrst introduced the electric displace-
ment saturation model into examining the singular behavior of
stress ﬁelds near the edge of an internal electrode embedded in a
ceramic actuator. Gao et al. (1997) proposed the strip saturation
model, which are generalized from the classical Dugdale model,
for describing the electrical nonlinear zone near the crack tip in a
piezoelectric ceramic. They derived the energy release rate for
the electrically yielded ﬁnite crack in a piezoelectric ceramic. As
indicated by Beom et al. (2008), the difference between the polar-
ization saturation model and the electric displacement saturation
model is nearly indistinguishable for typical electrostrictive mate-
rials. In analyzing the problem, we will utilize the electric displace-
ment saturation model given by
Di ¼ eEi for E < E0;
D ¼ D0 for E > E0:
ð2ÞHere, Ei is the electric ﬁeld vector. D and E denote the magnitudes of
the electric displacement vector and the electric ﬁeld vector, which
are deﬁned as D ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃDiDip and E ¼ ﬃﬃﬃﬃﬃﬃﬃﬃEiEip , respectively. The repetition
of an index in a term denotes the summation with respect to that
index over its range, i.e., 1–2. e = D0/E0 is the permittivity of a
dielectric material. D0 is the saturated electric displacement of elec-
trostrictive materials that is experimentally measured under an
uni-axial electric ﬁeld. E0 is the yield electric ﬁeld, i.e., the value
of an electric ﬁeld at the onset of the saturation of the electric
displacement.
Consider the asymptotic problem of a semi-inﬁnite electrode
that is embedded between dissimilar electrostrictive materials
and subjected to electric loading as shown in Fig. 1. Dissimilar elec-
trostrictive materials are perfectly bonded with each other on the
interface of the positive x1-axis. The thin electrode lies on the neg-
ative x1-axis along the interface of the dissimilar electrostrictive
materials. Since the thickness of an electrode progressively de-
creases to zero, the electric displacement ﬁeld in the direction of
x2 and the electric potential across the electrode are continuous.
Assuming that the small-scale saturation condition holds, the re-
mote electric displacement ﬁelds at inﬁnity are assumed to be
the near-tip ﬁelds given by
D2 þ iD1 ¼ iK
ð1Þ
Dﬃﬃﬃﬃﬃﬃﬃﬃ
2pz
p as z!1; for material 1; and
D2 þ iD1 ¼ iK
ð2Þ
Dﬃﬃﬃﬃﬃﬃﬃﬃ
2pz
p as z!1; for material 2:
ð3Þ
Here, the superscripts (1) and (2) denote the two materials. Kð1ÞD and
Kð2ÞD are the intensity factors of the electric displacement ﬁelds of
materials 1 and 2, respectively. We can obtain the relationship,
K0D ¼ Kð1ÞD =eð1Þ ¼ Kð2ÞD =eð2Þ, from the condition of the continuity of
the electric potential across the interface of x1 > 0. z is the complex
variable deﬁned as z = x1 + ix2. Here, we introduce the cylindrical
coordinates (r,h) with the origin located at the crack tip. The electric
potential along the electrode is assumed to be zero. Also the stress
ﬁelds and the displacement are continuous across the electrode.
Therefore, the electrode has the condition given by
/ðr;pÞ ¼ 0;
rijðr;pÞ ¼ rijðr;pÞ; uiðr;pÞ ¼ uiðr;pÞ:
ð4Þ
If the body force per unit volume and the free charge density do
not exist at each point in the material, the Gauss law and the equi-
librium law are, respectively,
Di;i ¼ 0; ð5Þ
rij;j ¼ 0: ð6Þ
(a) 12
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by Eqs. (2)–(5), we can obtain the stress ﬁelds that satisfy condi-
tions (1) and (6). Instead of solving the complex boundary value
problem, we will analyze the asymptotic problem by using the
ﬁnite element method.
3. Electrostatic analysis
To ﬁnd the distribution of electric displacement ﬁelds in dissim-
ilar electrostrictive materials with an electrode lying on their inter-
face, we carry out electrostatic analysis for the asymptotic problem
by using the ﬁnite element method. The mathematical equivalence
of the governing equations and the physical quantities between
electricity and anti-plane deformation is well-known. That is, the
electric potential, the electric ﬁelds, and the electric displacement
ﬁelds are mathematically equal to the anti-plane displacement, the
anti-plane shear strain, and the anti-plane shear stress, respec-
tively. Likewise, the electric displacement saturation model can
be replaced by the elastic-perfectly plastic model that is used in so-
lid mechanics. The electrode problem can be regard as the anti-
plane problem for the rigid sheet. Thus, we actually perform the
numerical analysis of the anti-plane rigid sheet problem instead
of solving the electrostatic problem for the electrode. For conve-
nience, the terms referred in this paper are physical quantities of
electricity. The commercial ﬁnite element code ABAQUS is utilizedMaterial 1
Material 2
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Fig. 2. Variation of saturation zones with k.in the electrostatic analysis. Each element is the three-dimensional
8-node element C3D8R of the ABAQUS element library. 7200 ele-
ments that are arrayed only in the one-layer are used in the anal-
ysis. For assuring the accuracy of the electrostatic analysis, the
remote ﬁeld at inﬁnity is assumed to be the near-tip ﬁeld of the
electric potential instead of the electric displacement ﬁeld.
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2z
p
r" #
: ð7Þ
From dimensional considerations, the electric displacement ﬁelds in
dissimilar electrostrictive materials can be expressed as
Di ¼ Dð1Þ0 ~Di
r
rð1Þ0
; h; k; k
 !
: ð8Þ
Here, tilde () denotes the dimensionless quantity. The dimension-
less parameters, k and k, are the ratios of the saturated electric dis-
placements and the permittivities of material 2 to material 1, and
are given by k ¼ Dð2Þ0 =Dð1Þ0 and k = e(2)/e(1), respectively.
We perform ﬁnite element analysis for various combinations of
the dimensionless parameters, k and k. Even if k is only two times(b)
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Fig. 3. Normalized electric displacement ﬁelds at the distance r=rð1Þ0  0:01 from the
crack tip, as a function of h for various k when k = 1. (a) Radial component. (b)
Tangential component.
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because the saturation zone becomes large enough to swallow the
large portion of the linear dielectric zone outside the saturation
boundary. Thus, we restrict our attention to the case when k < k.
Fig. 2 illustrates that the shape of the saturation zone in the vicin-
ity of the edge of the electrode is circular with a radius of
rð1Þ0 ¼ K2D 2p Dð1Þ0
 2 
for the case of homogeneous electrostric-
tive materials (k = k = 1). For the case when k = 1, the larger is k,
the smaller is the semi-circular saturation zone in material 2. Fur-
ther, the shape and size of the saturation zone in material 1 do not
change even though k changes. For the case when k = 10, the radius
of the semi-circular saturation zone in material 2 decreases rapidly
as k increases. Furthermore, the shape and size of the saturation
zone in material 1 do not change. It is noted that the saturation
zone in material 1 maintains a regular size and shape for all com-
binations of k and k in this analysis.
The cylindrical component of the electric displacement ﬁeld at
the distance r=rð1Þ0 ¼ 0:01 from the edge of an electrode is plotted
as a function of h for various combinations of k and k in Figs. 3
and 4. For the case of homogeneous materials (k = k = 1), the(a)
(b)
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Fig. 4. Normalized electric displacement ﬁelds at the distance r=rð1Þ0  0:01 from the
crack tip, as a function of h for various k when k = 1. (a) Radial component. (b)
Tangential component.numerical result agrees well with the analytic solution of Hao
et al. (1996).
4. Elastic analysis
The elastic analysis for the asymptotic problem of an internal
electrode between dissimilar electrostrictive materials is numeri-
cally conducted by using the ﬁnite element method. The electro-
strictive strains that are induced by the non-uniform electric
displacement ﬁelds are incompatible. Thus, the self-equilibrated
stress ﬁelds are generated to match the incompatible electrostric-
tive strains. Once the electrostrictive portion rEij of the Hook’s law
is determined from the numerical results of the electric displace-
ment ﬁelds that are calculated in the previous section, the self-
equilibrated stress ﬁelds that satisfy the equilibrium equation
can be evaluated. The mesh and geometry of the ﬁnite element
model should be consistent with those of Section 3 in the in-plane
view. The four-node plane strain reduced element CPE4R in the
ABAQUS element library is used. The number of elements is
7200. The electrostrictive portion of Eq. (1) at the Gaussian point
of the CPE4R element can be calculated by substituting the numer-(b)
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Fig. 5. Comparison of the result of ﬁnite element analysis and the analytic solution
for a homogeneous, electrostrictive material.
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of the C3D8R elements into the following equation:
rEðpÞ11 ¼
Y ðpÞQ ðpÞ
ð1þmðpÞÞð12mðpÞÞ ðm
ðpÞ qðpÞÞD22þð12qðpÞmðpÞ mðpÞÞD21
h i
;
rEðpÞ22 ¼
Y ðpÞQ ðpÞ
ð1þmðpÞÞð12mðpÞÞ ðm
ðpÞ qðpÞÞD21þð12qðpÞmðpÞ mðpÞÞD22
h i
;
rEðpÞ12 ¼
Y ðpÞQ ðpÞð1þqðpÞÞ
ð1þmðpÞÞ D
ðpÞ
1 D
ðpÞ
2 :
ð9Þ
Here, p in the superscript is p = 1 and 2 for the material (1) and (2),
respectively. Subsequently, by introducing the electrostrictive
stress rEij as the initial stress ﬁelds in the ﬁnite element analysis,
we can obtain the stress ﬁelds. Through dimensional analysis, the
stress ﬁelds in dissimilar electrostrictive materials can be normal-
ized as
rij ¼ rð1Þ0 ~rij
r
rð1Þ0
; h; k; k;m; n; mð1Þ; mð2Þ; qð1Þ; qð2Þ
 !
: ð10Þ(a)
(b)
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Fig. 6. The variation of normalized stress ﬁelds with k for the case of k =m = n = 1.
(a) Normal stress r22. (b) Shear stress r12.In Eq. (10), rð1Þ0 ¼ Y ð1ÞQ ð1Þ Dð1Þ0
 2
; m ¼ Y ð2Þ=Y ð1Þ, and n = Q(2)/Q(1). For
the case when the material is homogeneous, the reference length
and the reference stress are r0 ¼ K2D=ð2pD20Þ and r0 ¼ YQD20, respec-
tively. The stress ﬁelds are affected by the ratios of the electrical,
elastic, and electrostrictive properties between the dissimilar elec-
trostrictive materials. Our attention is restricted to the effects of
the dimensionless parameters k, k, m, and n on the stress ﬁelds.
We assume that m(1) = m(2) = m and q(1) = q(2) = q. The Poisson’s ratio
and the electrostrictive coefﬁcient of the typical electrostrictive
materials used in this analysis are m = 0.26 and q = 0.38, respec-
tively. The dimensionless form of the stress ﬁelds can be rewritten
as
rij ¼ rð1Þ0 ~rij
r
rð1Þ0
; h; k; k;m;n; m; q
 !
: ð11Þ
The numerical solution of the stress ﬁelds for a homogeneous
electrostrictive material (k = k =m = n = 1) agrees well with the
analytic solution of Hao et al. (1996), as shown in Fig. 5. Hao
et al. (1996) showed that the singular stress ﬁelds near the edge(a)
(b)
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Fig. 7. The variation of normalized stress ﬁelds with k for the case of k = 10 and
m = n = 1. (a) Normal stress r22. (b) Shear stress r12.
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electrostrictive material. The numerical solution of the near-tip
ﬁelds follows the logarithmic singularity. We investigate the singu-
lar stress ﬁelds near the edge of the electrode for two types of the
material property mismatches of dissimilar electrostrictive materi-
als. First, the stress ﬁelds are computed for the combination of dis-
similar electrostrictive materials with only the electrical mismatch.
The variation of the normal stress ﬁeld and the shear stress ﬁeld
along the x1-axis at x2 = 0 with k, when k =m = n = 1, is shown in
Fig. 6. The compressive stress behind the edge of an electrode is
stronger and the tensile stress ahead of the edge increases with
k. The shear stress ﬁeld increases behind the edge of an electrode,
but increases ahead of the edge of an electrode. Fig. 7 illustrates the
variation of the stress components with k, when k = 10 and
m = n = 1. As k increases, the range of the compressive stress ﬁelds
behind the edge of an electrode becomes larger, but the maximum
absolute value of the normal stress is almost invariant. The
strength of the tensile stress ﬁeld ahead of the edge of an electrode
is also greater as k increases. The shear stress ﬁeld rapidly in-
creases in the vicinity of the edge of an electrode as k increases.
This result is at variance with that in Fig. 6. The variation of stress(a)
(b)
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Fig. 8. The variation of normalized stress ﬁelds with n for the case of k = k =m = 1.
(a) Normal stress r22. (b) Shear stress r12.components with n for the case when k = k =m = 1 is shown in
Fig. 8. The compressive stress ﬁeld behind the edge of an electrode
increases as n increases. The compressive stress ﬁeld is approxi-
mately maximized at the location of x1=r
ð1Þ
0 ¼ 2 regardless of
the increment of n. The tensile stress ﬁeld ahead of the edge of
an electrode increases with n. The shear stress ﬁeld rapidly in-
creases both behind and ahead of the edge of an electrode. Second,
we consider the stress ﬁelds for the case with only the elastic mis-
match. The variation of the stress components with m, when
k = k = n = 1, is shown in Fig. 9. The shape of the plots of the com-
pressive and tensile stress ﬁelds near the edge of an electrode is
similar to those in Fig. 8. However, the rate of increment of the nor-
mal stress ﬁelds decreases as m increases.
5. Crack initiation
Near the edge of an electrode, the incompatible strains are in-
duced by the non-uniform and the intensive electric ﬁelds; there-
by, the strong stress is generated for satisfying the compatibility
condition. The hoop stress ahead of the electrode edge is tensile,
therefore, the small crack is readily nucleated in the material(a)
(b)
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Fig. 12. Normalized stress intensity factors as functions of rc when k = 10, k = 5, and
m = n = 1. (a) Mode I. (b) Mode II.
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cracks nucleated extend into the medium by the following phys-
ical processes. First of all, the conducting species released fromthe metal electrode migrate on the crack surfaces. Then, the crack
behaves just as the newly created electrode and the electric ﬁelds
around the crack tip become non-uniform and magniﬁed. Again,
the stress ﬁelds are concentrated near the crack tip and extend
the crack.
Consider the small crack that is initiated from the edge of a
semi-inﬁnite electrode, as shown in Fig. 10. The small crack has
the length rc and lies in the direction of the angle hc to the positive
x1-axis. The surfaces of the small crack are assumed to be electri-
cally permeable because the gap between the surfaces of the small
crack is very narrow. Hence, the electric displacement ﬁelds near
the edge of the electrode are not disturbed by the cracking. Since
the stress ﬁelds are asymmetric with respect to the interface, the
orientation of the small crack will deviate from the direction of
the interface. The surfaces of the small crack are traction-free.
The electric potentials on the surfaces of the small crack are as-
sumed to be zero. Hence, the surface conditions of the small crack
are given by the forms
/þðr; hcÞ ¼ /ðr; hcÞ ¼ 0;
rþij ðr; hcÞ ¼ rij ðr; hcÞ ¼ 0 for 0 < r < rc:
ð12Þ
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Fig. 13. KI as a function of hc for various combinations of k and k.
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Fig. 14. Normalized stress intensity factors as functions of rc when n = 5 and
k = k =m = 1. (a) Mode I. (b) Mode II.
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Fig. 15. KI as a function of hc for various values of n.
3448 Y.H. Kim, H.G. Beom / International Journal of Solids and Structures 46 (2009) 3441–3450The complex interface stress intensity factor K = K1 + iK2 is given by
(Suo, 1989)
K ¼
ﬃﬃﬃ
2
p
r
coshplðrcÞ1=2il
Z rc
0
ðrhh þ irrhÞ rrc  r
 	1=2þil
dr; ð13Þ
l is the oscillatory index given by
l ¼ 1
2p
ln
1 b
1þ b
 	
: ð14Þ
Here, b = [(1  2m)(1 m)]/[2(1  m)(1 +m)] because m(1) = m(2). If
b = 0, the interface stress intensity factor becomes the conventional
stress intensity factor K = KI + iKII, where KI and KII are the Mode I
and Mode II stress intensity factors. rhh and rrh are obtained
through numerical stress analysis.
Through dimensional consideration, the complex interface
stress intensity factor at the tip of the crack is expressed as
K rð1Þ0
 il
¼ rð1Þ0
ﬃﬃﬃﬃﬃﬃﬃ
rð1Þ0
q
Kðk; k;m; n; m; qÞ; ð15Þ
In Eq. (15), K is the dimensionless complex interface stress inten-
sity factor given by K =K1 + iK2. For the case when k = 1, k = 5,
and m = n = 1 as well as for the case when k = 10, k = 5, and
m = n = 1, the normalized stress intensity factors as a function of
rc are shown in Figs. 11 and 12. For a given hc, the stress intensity
factor of Mode I has a peak value ðKI Þ when rc ¼ rc. The distance
rc that corresponds to the maximum stress intensity factor varies
withhc. In Fig. 13, K

I is plotted as a function of hc for various combi-
nations of k and k. KI has the maximum value at hc  30 in mate-
rial 2 and at hc  125 in material 1, respectively. Fig. 14 illustrates
the normalized stress intensity factors as functions of rc for the case
when n = 5 and k = k =m = 1. It is seen from Fig. 15 that KI has the
maximum value at hc  25 in material 2 and at hc  135 in mate-
rial 1, respectively. Also, Fig. 16 illustrates the normalized stress
intensity factors as functions of rc for the case when m = 5 and
k = k = n = 1. As shown in Fig. 17, KI has the maximum value at
hc  105 in material 2 and at hc  5 in material 1, respectively.
When the small crack advances along the interface, the normalized
stress intensity factors as functions of rc for the case whenm = 5 and
m = 10 (and k = k = n = 1) are shown in Fig. 18. As observed in
Fig. 18, for the case when m = 5, K1 has the maximum value,
K1 ¼ 0:22 when r0 ¼ 0:34rð1Þ0 . For the case when m = 10, the value
of K1 is maximized as K

1 ¼ 0:247 when r0 ¼ 0:39rð1Þ0 .
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Fig. 16. Normalized stress intensity factors as functions of rc when m = 5 and
k = k = n = 1. (a) Mode I. (b) Mode II.
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Fig. 17. KI as a function of hc for various values of m.
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Fig. 18. Normalized stress intensity factors as functions of xc for various m.
Y.H. Kim, H.G. Beom / International Journal of Solids and Structures 46 (2009) 3441–3450 34496. Conclusions
The asymptotic problem of a semi-inﬁnite electrode between
dissimilar electrostrictive materials is analyzed by the ﬁnite ele-
ment method. The problem assumes the small-scale saturation
condition. The numerical results of the electric displacement ﬁelds
are obtained through electrostatic analysis on the basis of the
mathematical equivalence between a Mode III problem and an
electrostatic problem. It is shown that the ratios of the permittivi-
ties and the saturated electric displacements between dissimilar
electrostrictive materials have an important effect on the shape
and size of the saturation zone. Through the elastic analysis with
the numerical solution of the electric displacement ﬁelds, the
stress ﬁelds are obtained for various combinations of the material
properties. The stress intensity factors for the small crack initiated
from the edge of the electrode are obtained by the numerical inte-
gration of the stress ﬁelds. The effects of the electrostatic, elastic,
and electrostrictive properties on the stress intensity factors are
discussed.
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